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Topological quantum phases cannot be charac-
terized by Ginzburg-Landau type order parame-
ters, and are instead described by non-local topo-
logical invariants. Experimental platforms capa-
ble of realizing such exotic states now include
“synthetic” many-body systems such as ultracold
atoms or photons. Unique tools available in these
systems enable a new characterization of strongly
correlated many-body states. Here we propose a
general scheme for detecting topological order us-
ing interferometric measurements of elementary
excitations. The key ingredient is the use of mo-
bile impurities which bind to quasiparticles of a
host many-body system. Specifically we show
how fractional charges can be probed in the bulk
of fractional quantum Hall systems. We demon-
strate that combining Ramsey interference with
Bloch oscillations can be used to measure Chern
numbers of individual quasiparticles, which gives
a direct probe of their fractional charges. We dis-
cuss possible extensions of our method to other
topological many-body systems, such as spin liq-
uids.
Many-body systems with spontaneous symmetry
breaking can be described by Ginzburg-Landau theories,
formulated in terms of local order parameters. This pow-
erful approach provides a universal description of systems
with very different microscopic Hamiltonians but with
similar type of symmetry breaking, such as superfluids
and ferromagnets. The integer and fractional quantum
Hall effects (IQHE and FQHE) [1–3] in contrast are ex-
amples of quantum phases of matter, for which no lo-
cal order parameters exist. Instead, these systems are
described by non-local topological invariants [4]. The
fractional charges of elementary excitations [2, 3], the
many-body Chern number C [5] and, in the case of quan-
tum spin liquids, fractional quantum Hall systems and
fractional Chern insulators [6–13], the groundstate de-
generacy on a torus [14], constitute important examples
of topological order parameters.
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Probing – and, in some cases, even defining – the non-
local order parameters of topological systems with strong
correlations represents a major experimental and theo-
retical challenge. Many indicators used in the theoret-
ical description of such systems, like the entanglement
entropy [15, 16] and spectrum [17], are difficult to probe
directly in current experiments, although first steps in
this direction have been undertaken [18–21]. Previously
it has been shown that edge excitations can be used to
detect topological orders by measuring their fractional
charges [4, 22–24] and statistics [4].
Here we introduce an alternative approach which al-
(a)
(b)
FIG. 1. We propose a scheme for the measurement of many-
body topological invariants of interacting states with topolog-
ical order. It can be applied to measure the Chern numbers of
Abelian quantum Hall states (for example of Laughlin type)
and of their topological excitations, as illustrated in (a). An
elementary excitation (here a quasihole) is coupled to a mo-
bile two-component impurity. When the impurity is tightly
bound to the quasihole, a topological polaron is formed. It
can be labeled by its quasi-momentum q, and its two internal
degrees of freedom ↑, ↓ and can be used to perform interfer-
ometry. The spectrum of the many-body system is depicted
in (b) for a generic 1D case. The topological invariant of the
qp band structure can be measured using tools developed for
non-interacting systems by a combination of Bloch oscillations
and Ramsey interferometry.
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2lows one to measure topological order parameters directly
in the bulk of the system, without the need of relying on
the bulk-edge correspondence. The main idea is to map
out the topology characterizing the effective bandstruc-
ture of elementary quasiparticle (qp) excitations. As will
be pointed out, it is intimately related to the topological
order of the groundstate. In particular, we show how
the Chern numbers of the effective qp bandstructures
can be measured by combining Bloch oscillations with
a Ramsey interferometric sequence, see FIG.1. We point
out that they are directly related to the corresponding
(fractional) charges for arbitrary Abelian quantum Hall
states, and show how the Chern number of the many-
body groundstate can be derived. Our scheme extends
earlier ideas [25–28], which have been developed to mea-
sure topological invariants of essentially non-interacting
particles (ultracold atoms in particular), to the realm of
strongly correlated quantum many-body systems. More
generally, our interferometric method paves the way for
a detailed investigation of qp properties, including, pos-
sibly, their braiding statistics.
Our method is ideally suited to systems of ultracold
atoms, which recently emerged as a new promising plat-
form for realizing and probing various topological states
of matter. The ability to perform interferometric mea-
surements in such systems is one of their key technical
advantages in comparison with other experimental se-
tups. Cold atoms provide a versatile toolbox, allowing to
engineer not only single-particle properties of Hamiltoni-
ans, like the shape of optical lattice potentials, but also
the interactions between particles [29–32]. Recently the
Chern number has been measured in transport experi-
ments [33] and the celebrated Haldane model has been
realized [34] in systems of weakly interacting ultracold
atoms. An experimental realization of the FQHE in such
systems [6, 7, 35–39] should be within reach with the
currently available tools. In addition, direct and fully
coherent control over individual atoms has been demon-
strated in experiments with ultracold quantum gases, see
e.g. Refs. [40, 41]. In the present article we present a
new concept of using impurity atoms as coherent probes
of the topological invariants of strongly correlated many-
body systems of host atoms.
RESULTS
The key idea of our approach is to measure the Chern
number of the effective qp bandstructure using a gener-
alization of the interferometric technique developed for
non-interacting systems in Refs. [25, 26]. First, let us
briefly summarize the main idea of the interferometric
protocol for a weakly interacting Bose-Einstein conden-
sate loaded in a two-dimensional Bloch band, in a system
with an effective magnetic field. The first ingredient to
measure the corresponding Chern number C, is a direct
detection of the geometric Zak phase ϕZak(ky) [25] for a
given value of the quasi-momentum ky.
To this end, the condensate is moved to (kx, ky), where
a pi/2 Ramsey pulse is used to prepare a superposition of
two internal states σ =↑, ↓. The initial wavefunction thus
reads (| ↑〉+ | ↓〉) ⊗ |kx, ky〉/
√
2. Next, sufficiently weak
opposite forces F (↓) = −F (↑) are applied such that the
two components undergo Bloch oscillations, see FIG. 1
(b). When the force is applied along the x-axis for a time
∆t = Gx/2F , where Gx denotes the width of the mag-
netic Brillouin zone (BZ) containing an integer number of
magnetic flux quanta, the two components pick up a rel-
ative geometric phase ϕZak(ky) [42] and the wavefunction
reads
(| ↑〉+ eiϕZak(ky)| ↓〉) ⊗ |Gx/2, ky〉/√2. By recom-
bining the two states using a second pi/2 Ramsey pulse,
the Zak phase can be read out. This measurement can be
repeated for different values of ky [26], and the winding
of the Zak phase across the magnetic BZ in ky-direction
(size Gy) gives the Chern number [43],
C = 1
2pi
∫ Gy
0
dky ∂kyϕZak(ky). (1)
For more details, including the discussion of dynami-
cal phases and gauge dependence of the Zak phase, the
reader is referred to Refs.[25–28].
Now we extend the interferometric protocol to strongly
correlated systems. The key idea is to apply the exact
same sequence as described above to a single qp excita-
tion in the host system. To obtain fully coherent con-
trol of the qp, it is coupled to a mobile impurity. The
resulting composite object (the impurity bound to the
topological excitation) will be called a topological polaron
(TP), which is at the heart of our scheme. We assume
that the impurity has an internal degree of freedom σ,
which allows one to perform Ramsey interferometry as
described above. By applying opposite forces σzFex di-
rectly to the two impurity components for the same time
∆t = Gx/2F as in the non-interacting case (where Gx is
defined for host particles), a topological invariant can be
measured which will be identified as the Chern number
CTP of the effective TP bandstructure (for more details
see Methods Section). Note that now |kx, ky〉 stands for
the full many-body wavefunction describing the TP at
quasi-momentum (kx, ky), and in this sense true many-
body Zak phases ϕZak(ky) are measured.
Now our main results are summarized. We will estab-
lish that the Chern number of the TP bandstructure is
directly related to the fractional charges of the qps. We
will use Chern-Simons effective field theory for the de-
scription of Abelian fractional quantum Hall states and
their excitations. In addition we introduce a numerically
exact technique for calculating Zak phases of TPs for
small systems. As a concrete example we will show for
Laughlin states at the filling fraction ν = 1/m (defined
as a ratio of particle density to flux density) that the TP
Chern number, discussed in the protocol above, is given
by the inverse of the fractional qp charge e∗ = e/m (e is
the charge of particles in the host many-body system),
CTP = e
e∗
= m. (2)
3Therefore a measurement of the TP Chern number di-
rectly yields the fractional qp charge. The result in
Eq.(2) moreover indicates a direct relation to the many-
body Chern number C0 = 1/m [5] of the incompressible
ν = 1/m Laughlin groundstate, C0 = 1/CTP. Similar
relations are true for any Abelian quantum Hall state,
where e/e∗ needs to be expressed in terms of the K-
matrix. In that case there exist J = 1, ..., n differ-
ent qp sectors, with fractional charges e∗J and qp Chern
numbers C
(J)
TP = e/e
∗
J . The Chern number of the in-
compressible fractional quantum Hall state is given by
C = ∑nJ=1 1/C(J)TP , see Methods Section.
Topological polarons and qp Chern numbers Our
discussion of TPs will be organized as follows. In this sec-
tion we focus on the physical picture of TPs in fractional
quantum Hall systems. We discuss the origin of equation
(2) assuming that an impurity particle is strongly bound
to a qp so the impurity current jσµ (where µ = x, y, t and
σ =↑, ↓) is equivalent to the qp current. Detailed discus-
sion of the binding mechanism between the impurity and
a qp will be presented in the next subsection.
As in the theoretical proposal of Ref.[26] and the ex-
perimental demonstration of Ref.[25] we assume that the
two-component TP can be controlled by the force F act-
ing on the impurity. (In experiments a spin-dependent
force F could be realized by a magnetic field gradient.)
We model this by coupling the TP current jσµ to an
external field that acts differently on the two internal
states of the impurity but does not affect host parti-
cles. We describe this field by the potential Bµ(σ) so
that the external force acting on the impurity is given by
Fi(σ) = −q (∂tBi + ∂iB0), where q denotes the charge of
the impurity associated with the field Bµ. We emphasize
that the impurity is not affected directly by the gauge
field creating a fractional quantum Hall state for host
particles. However by binding a qp of the surrounding
fractional quantum Hall state it acquires topologically
non-trivial dynamics. This can be understood as arising
from the particle-vortex duality of the FQHE, which im-
plies that the moving qp bound to the impurity “sees”
surrounding host particles as a source of effective flux.
Using the Chern-Simons description of the FQHE one
can show (see Methods Section for details) that the effec-
tive Lagrangian describing the TP is given by (through-
out the paper we set ~ = 1)
LTP =
∑
σ=↑,↓
(qBµ(σ) + e
∗Aµ) jσµ . (3)
Here Aµ denotes the external gauge field correspond-
ing to the homogeneous magnetic field bz seen by the
host particles in the many-body quantum Hall system,
∂xAy − ∂yAx = bz. The second term in the Lagrangian
(3) describes the emergent coupling of the TP to the
gauge field Aµ, albeit with a fractional Aµ-charge e
∗ =
e/m. Hence according to Eq.(3) the TP sees an effective
magnetic field b∗z = bze
∗/e.
We emphasize again that the emergent coupling of im-
purity particles to the gauge field Aµ arises only through
binding of a qp excitation. For Laughlin states, a qp ac-
quires an Aharonov-Bohm phase 2pi when going around
a single host particle. Hence the effective “flux density”
seen by the qp is equal to the density of host particles,
which is 1/m times the magnetic flux density of Aµ.
Now the Chern number CTP of the TP can easily be
calculated. To this end we note that, in a homoge-
neous magnetic field b0, the Berry curvature F is con-
stant, F = 1/(eb0). The way we described the interfer-
ometric protocol above, we defined the TP Chern num-
ber by integrating the Berry curvature over the entire
magnetic BZ of the host many-body system. Its size is
Gx ×Gy = 2piebz, where bz is the magnetic field seen by
host particles. Because the Berry curvature seen by the
TP is FTP = 1/(eb∗z) we obtain
CTP = 1
2pi
∫
BZ
d2k FTP = bz
b∗z
=
e
e∗
, (4)
as claimed in Eq.(2).
Note that because of gauge invariance CTP ∈ Z has
to be an integer [44, 45], as long as the TP groundstate
is non-degenerate for all k (see also Methods Section).
Therefore, when the qp charge is not a fraction of one,
the band of TP groundstates needs to have degeneracies.
When e∗/e = p/q, where p and q are relative prime, we
expect p degenerate bands sharing a total Chern num-
ber of CtotTP = q. We find numerical signatures for this
degeneracy, and a specific example is discussed in the
supplementary.
Alternatively, the qp charge e∗/e of the TP could be
obtained directly from an interferometric measurement
of the Aharonov Bohm phase ΦAB = 2pi
e∗
e Abz/Φ0 in
the magnetic field bz. Here A denotes the area encir-
cled by the TP and Φ0 is the magnetic flux quantum.
Because obtaining control over the impurity momentum
is technically less challenging than achieving full spatial
resolution, the interferometric measurement of the Chern
number should be easier to implement.
Microscopic description Now we provide a micro-
scopic description of TPs in correlated many-body sys-
tems interacting with a single impurity particle. To
this end we investigate concrete models of interacting
fermions on a lattice, whose groundstates are integer and
fractional Chern insulators (ICI and FCI respectively)
[6–12]. We develop an exact numerical method to solve
this problem and compare our results to an approxi-
mate strong coupling theory of TPs which we also in-
troduce below. Like before, we concentrate on states in
the Laughlin universality class, with a single qp sector.
We consider a topologically ordered phase in a many-
body system (referred to as the host system), described
by the groundstate of a Hamiltonian Hˆ0. For probing
qp excitations, we introduce a mobile impurity with two
internal states, described by HˆI = Hˆ0I − σˆzF · rˆ. Here Hˆ0I
denotes the kinetic energy and rˆ the position operator of
4the impurity. The two internal states ↑ and ↓ of the im-
purity experience opposite forces ±F , as described by the
Pauli matrix σˆz. To bind qps to the impurity, a local in-
teraction Hˆint with the many-body system is introduced.
Its concrete form can differ from model to model, but for
simplicity we will assume throughout that it is indepen-
dent of the internal state of the impurity. Thus our sys-
tem is described by the Hamiltonian Hˆ = Hˆ0 +HˆI +Hˆint.
Local interactions between particles with multiple inter-
nal states are routinely realized in systems of ultracold
atoms.
In equilibrium, i.e. for F = 0, the groundstate
|ψTP(q, σ)〉 describes a TP and can be labeled by its
quasi-momentum q and its internal state σ =↑, ↓. The
external force F couples to the quasi-momentum q of
the TP. This drives Bloch oscillations where the quasi-
momentum changes according to ddtq = σ
zF , where
σz = 1 (σz = −1) for σ =↑ (σ =↓), respectively). By
applying the scheme described in Ref. [25] to the states
|ψTP(q, σ)〉 the geometric Zak phases characterizing the
TP band structure can be measured, see FIG.1. As dis-
cussed in the Methods Section, the corresponding Chern
number is obtained by integrating the Berry curvature
seen by the TP over the magnetic BZ of the host many-
body system.
Strong coupling theory.– Before turning our atten-
tion to concrete models, we introduce the strong cou-
pling theory of TPs which is inspired by Landau’s and
Pekar’s treatment of the polaron problem in polar crys-
tals [46, 47]. There are several important energy scales
for describing TPs. Firstly qp excitations are character-
ized by the bandwidth Jqp of their effective dispersion
and by the energy required for their creation which is set
by the bulk excitation gap ∆0. Secondly the impurity
is characterized by the effective hopping JI and the cou-
pling strength to the host particles V . Our description
of TPs requires the following hierarchy of scales. The
qp gap ∆0, which is larger than Jqp, should be larger
than JI and V , i.e. ∆0  JI, V . The impurity-host par-
ticle interaction strength V should be chosen such that
the impurity binds precisely one qp. We also need Jqp
to be smaller than JI, i.e. Jqp  JI, so that the total
momentum of the TP, which is effectively shared by the
impurity and the qp, resides predominantly in the qp.
Another way of understanding this requirement is that
the impurity should be fast compared to the qp and thus
follow its dynamics adiabatically.
Next we introduce a frame where the total momen-
tum of the TP is conserved explicitly. To this end
we restrict ourselves to a single qp and approximate
Hˆ0 ≈
∑
k qp(k) |ψqp(k)〉〈ψqp(k)|, with qp(k) being
the effective dispersion of qps and |ψqp(k)〉 the qp state
with momentum k. We apply the unitary transformation
UˆLLP = e
ipˆ·Rˆqp introduced by Lee, Low and Pines (LLP)
[48], where pˆ is the impurity momentum operator and
Rˆqp is qp position operator conjugate to its momentum
operator Pˆqp =
∑
k k|ψqp(k)〉〈ψqp(k)|. The transformed
Hamiltonian Uˆ†LLPHˆUˆLLP reads
HˆSC = Hˆ0I + Hˆint
(
Rqp = 0
)− σzF · (rˆ + Rˆqp)+
+
∑
k
qp(k − pˆ) |ψqp(k)〉〈ψqp(k)|, (5)
as will be explained now.
The kinetic part of the impurity Hamiltonian com-
mutes with the impurity momentum, [pˆ, Hˆ0I ] = 0, and
remains unchanged. Hˆint
(
Rqp = 0
)
denotes the interac-
tion Hamiltonian for a qp localized in the origin of the
new polaron frame. Here we assumed that (within the
single qp approximation) Hˆint = Hˆint(rˆ − Rˆqp) depends
only on the relative distance between impurity and qp,
and we used that Uˆ†LLPrˆUˆLLP = rˆ+Rˆqp. Finally because
[Rˆqp, Pˆqp] = i the qp momentum is shifted by an amount
pˆ in the last line, k→ k − pˆ.
Under the strong coupling conditions outlined above
we can make a product ansatz for the TP wavefunction,
|ψTP(q)〉 = |ψqp(q)〉 ⊗ |φI〉, where the impurity follows
the qp adiabatically. In the polaron frame the impurity
sees a quasi-static potential created by the qp and its
wavefunction |φI〉 is determined by the strong coupling
impurity Hamiltonian
HˆI,SC = Hˆ0I − σzF · rˆ + Hˆint
(
Rqp = 0
)
. (6)
This leads to a modification of the effective qp dispersion
in Eq.(5), which we approximate by 〈φI|qp(k − pˆ)|φI〉.
We proceed by eliminating the last term in the first
line of Eq.(5) by a time-dependent gauge transformation
Uˆqp(t) = e
iRˆqp·σˆzF t. In the resulting effective Hamilto-
nian the force F couples to the conserved momentum k
and the qp Hamiltonian in strong coupling theory thus
reads
Hˆqp,SC =
∑
k
〈φI|qp(k−σˆzF t−pˆ)|φI〉 |ψqp(k)〉〈ψqp(k)|.
(7)
Next we discuss how the topological invariant mea-
sured by the TP relates to the Chern number of the ef-
fective qp bandstructure using the strong coupling wave-
function. During the protocol described above (see also
FIG.1) the force σˆzF is applied and the TP wavefunc-
tion |ψTP(q, t)〉 = eiϕ|ψqp(q − σzF t)〉 ⊗ |φI〉 follows its
groundstate adiabatically. Thereby it picks up a phase
ϕ containing a geometric part of 2piνTP which is mea-
sured by the Ramsey sequence (dynamical phases are
discussed in Refs. [25, 26]). Due to the product form
of the strong coupling wavefunction we find two contri-
butions, νTP = νqp + νI.
The first contribution is picked up by the qp wave-
function, 2piνqp =
∮
dk · 〈ψqp(k)|i∇k|ψqp(k)〉. When the
path in momentum space described by the TP in the in-
terferometer encloses the (magnetic) BZ, the qp invariant
is related to the TP Chern number defined above,
νqp = CTP. (8)
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FIG. 2. A single mobile impurity can be coupled to an elementary hole excitation of an integer (a) or fractional (b) Chern
insulator, and form a TP. The winding of the many-body Zak phase ϕZak(ky) across the BZ defines the many-body Chern
number of the TP. In (a) we compare predictions for ICIs without (U = 0) and with inter-fermion interactions (U 6= 0).
Parameters are J = t/2, V = 2t, α = 1/4 and we simulated 4×4 sites with N = 3 fermions. In (b) a ν = 1/3 FCI is considered,
for parameters J = t/2, V = 2t, α = 1/4, U = 10t. We simulated 4 × 7 sites filled with N = 2 fermions, corresponding to
3N + 1 = 7 flux quanta as required for having one quasihole excitation.
The second contribution νI is picked up by the impurity
part of the wavefunction. In the adiabatic limit of small
F it is 2piνI = −σz
∮
dtF · 〈φI|rˆ|φI〉. This term corre-
sponds to a geometric phase because it does not vanish
in the limit when F → 0 and needs to be considered in
general. It measures the displacement of the impurity
wavefunction relative to the qp located in the origin of
the polaron frame (recall that Rqp = 0 in the interaction
Hamiltonian) and can become relevant in lattice systems.
However when a closed loop
∮
dtF = 0 is considered as
in the interferometric sequence we discuss, the impurity
invariant vanishes, νI = 0.
Topological polarons in Chern insulators.– Now we
turn our attention to a concrete model of interacting par-
ticles on a lattice, described by the Hofstadter-Hubbard
Hamiltonian
Hˆ0 = −t
∑
m,n
[
e−i2piαncˆ†m+1,ncˆm,n + cˆ
†
m,n+1cˆm,n + h.c.
]
+
+ U
∑
〈(m,n),(m′,n′)〉
cˆ†m,ncˆm,ncˆ
†
m′,n′ cˆm′,n′ . (9)
The first term is the celebrated Hofstadter model [49]
and it describes free particles hopping between the sites
(m,n) of a square lattice in a magnetic field (using Lan-
dau gauge), where α denotes the magnetic flux den-
sity per plaquette (in units of the flux quantum) and
t is the hopping amplitude. The second term describes
nearest neighbor interactions of strength U between the
particles. Here we consider fermions for concreteness,
{cˆm,n, cˆ†m′,n′} = δm,m′δn,n′ , but a similar Hofstadter-
Hubbard model has also been discussed for bosons with
contact interactions [6, 7]. For sufficiently small values
of α, the groundstates of (9) show the IQHE and FQHE
depending on the filling fraction ν.
To study TPs we consider the Hofstadter-Hubbard
model (9) at filling ν = 1/m on a torus. We choose the
number of flux quanta in the host many-body system
Nφ = Nm+ 1 such that the groundstate of Hˆ0 contains
one quasihole excitation. Next we add a single impurity,
described by bˆ†m,n, hopping between the sites of the same
two-dimensional lattice,
HˆI = −J
∑
m,n
[
bˆ†m+1,nbˆm,n + bˆ
†
m,n+1bˆm,n + h.c.
]
−
− F ·
∑
m,n
rm,n bˆ
†
m,nbˆm,n. (10)
To bind the impurity to the quasihole, its interaction
with the surrounding fermions is modeled by a repulsive
contact potential, Hˆint = V
∑
m,n cˆ
†
m,ncˆm,nbˆ
†
m,nbˆm,n. In
the following we consider an impurity with only a single
internal state for simplicity.
The model proposed above, Eqs.(9), (10), can be im-
plemented with ultracold atoms. In Refs [50, 51] the
Hofstadter Hamiltonian was realized for bosons, and in-
teractions can be introduced by using deep optical lat-
tices. The impurity could be realized by adding a second
atomic species, with different meta-stable internal states.
In the Methods Section we present a formalism for cal-
culating the full many-body TP wavefunction |ψTP(q)〉
exactly for a given total momentum q, based on the LLP
polaron transformation. Here we use this approach to ob-
tain both the dispersion relation and the Chern number
of TPs.
In FIG.2 (a) our results are shown for an ICI, with and
without fermion-fermion interactions U . We consider the
case α = 1/4 and use Landau gauge where the size of
the magnetic unit cell is (ax = 4a) × a, with a denoting
the lattice constant. We calculate the Chern number of
the TP from the winding of the many-body Zak phase,
C = 12pi
∫ pi/a
−pi/a dky ∂kyϕZak(ky) [43], see Methods Section
for details. For comparison, the result of a simple strong
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FIG. 3. The energies of the lowest TP eigenstates are shown for ky = 0 as a function of the lattice moment kx, calculated in the
polaron frame (see Methods Section). In (a) an integer Chern insulator is considered and U = 10t was used. Other parameters
are the same as in FIG.2 (a). In (b) the case of a fractional Chern insulator is shown, for parameters as in FIG.2 (b). Circles
mark the positions of the discrete momenta defined by the finite quantization volume.
coupling analysis is shown, where the impurity is bound
to a free hole. Although the distribution of Berry curva-
ture differs, the strong coupling theory predicts correctly
the TP Chern number, C = 1.
In FIG.2 (b) we repeat our calculations for a FCI at
ν = 1/3, corresponding to a 1/3 Laughlin state. (We
checked numerically that the incompressible groundstate
of Hˆ0 has a fractional Chern number C0 = 1/3 and the
expected three-fold groundstate degeneracy on a torus.)
The Chern number of the TP, which is determined as the
winding of the Zak phase of the TP in FIG.2 (b), has the
value C = 3. This is expected from the field-theoretical
arguments given in the beginning, see Eq.(2).
An important quantity for estimating the robustness
of our protocol is the energy gap of the TP state. To get
some analytical understanding, we first consider the con-
tinuum limit α→ 0 when the system enters the quantum
Hall regime. Here the impurity (mass MI) interacts with
fermions (mass MF) in a filling-ν Laughlin state through
a local contact interaction gIFδ
(2)(r). Within the strong
coupling theory introduced above, we find a finite TP
binding energy given by
∆TP =
√
ν
gIF
2pi`2B
MF
MI
ωc, (11)
where `B = 1/
√
eb0 is the magnetic length and ωc =
1/(MF`
2
B) the cyclotron frequency.
In FIG.3 we calculate the TP spectra numerically for
small lattice systems and find low-energy states where
the impurity is bound to the quasihole forming the TP.
We observe that the TP gap ∆TP shows large finite-size
effects. The TP binding energy oscillates at a frequency
given by the system size, but at the discrete momenta
allowed by the finite quantization volume – which are
indicated in the figures by circles – we find the largest
values of the TP gap. In the case of ICI this TP gap
constitutes a sizable fraction of the cyclotron gap ∆TP /
ωc ≈ 4piαt. Note that ωc provides an upper bound for
the TP gap, ∆TP < ωc, because at this energy unbound
excitons can be created in the bulk. In the case of FCI
in contrast, the TP gap is only a small fraction of the
cyclotron energy, but so is the bulk gap ∆LN of the FCI,
∆LN < ωc [7]. In this case ∆LN similarly provides an
upper bound for the TP gap as the cyclotron energy in
the ICI case, ∆TP < ∆LN.
To form a TP for mapping out the topological order of
the host many-body system, we wish to realize the strong
coupling limit described above. Thus, for impurity dy-
namics to be fast compared to qp tunneling, a weak qp
dispersion is desirable. This can be achieved in lattice
systems by including long-range hoppings for the host
particles, see Ref.[1]. We simulated TPs in systems with
long-range tunnelings of this kind (see also supplemen-
tary) and verified that the TP Chern number C = 3 is a
robust feature of the groundstates.
DISCUSSION
By coupling a mobile impurity to the topological qp
excitations of an incompressible many-body groundstate
of host particles, a TP can be formed. Using internal
degrees of freedom of the impurity, fully coherent control
can be gained over individual qp excitations of the host
many-body system. We demonstrated that TPs can be
used to measure the topological invariants characteriz-
ing such qp excitations. In particular we developed an
interferometric measurement scheme for qp Chern num-
bers and showed that these are directly related to the
fractional charges of topological excitations in two di-
mensions. To this end we generalized schemes developed
earlier for non-interacting systems and showed by explicit
calculations that our scheme can be applied to integer-
and fractional quantum Hall systems and Chern insula-
tors.
In systems of ultracold atoms, impurities can be real-
ized e.g. by introducing another atomic species and their
7internal degree of freedom corresponds to different hyper-
fine states. To neglect the effects of interactions between
TPs, the density of impurity atoms needs to be well be-
low one atom per cyclotron orbit. We expect that, in
order to realize TPs in an experiment, a main challenge
will be their preparation. Because TPs can carry frac-
tional charges as in the case of FCIs, their preparation
requires non-local operations in general. Therefore we
suggest to build impurity atoms into the state as defects
already before preparing the incompressible many-body
state of host atoms. One concrete approach would be to
start from this system and cool it down into its ground-
state. If the densities of majority and impurity atoms
are suitably chosen, this leads to the formation of TPs.
Alternative approaches have also been discussed in the
literature [53–56].
The method presented in this article can provide a
powerful experimental tool for detecting topological or-
der in interacting many-body systems. It is ideally suited
for cold atom experiments, which offer a rich toolbox
with precise and fully coherent control over individual
atoms. The concept of topological polarons as experi-
mental probes for topological order can be generalized
to other systems however, including for example qp exci-
tations on topological superconductors, or systems with
symmetry-protected topological orders. Another inter-
esting direction would be to probe the (non-Abelian)
braiding statistics of anyons by coupling them to impu-
rities and forming topological polarons. In this case, one
can envision interferometric sequences designed to probe
braiding statistics, which work in real-space rather than
momentum-space, as considered in this work.
We expect that our idea – which is to witness topo-
logical order in a groundstate by probing the topology
characterizing the effective bandstructure of its qp exci-
tations – may also be of broader theoretical interest. It
provides a direct route how the concepts developed for
non-interacting systems can be generalized to correlated
many-body systems: We can define a set of topological
invariants for a many-body state by considering single-
particle topological invariants of all quasiparticle excita-
tions. These may include Chern numbers, Z2 invariants
or quantized Zak phases. The approach may be useful,
for example, in the study of fractional topological insu-
lators [57] or quantum spin liquid states [14].
METHODS
Chern number of topological polarons In the
main text we generalized the interferometric protocol de-
veloped for the measurement of Chern numbers of non-
interacting particles [25, 26] to a single qp excitation in a
strongly-correlated many-body system. The coupling to
an impurity particle was necessary for adapting the inter-
ferometric protocol. In this way a topological invariant
of the TP was defined which, as we will now argue, is the
Chern number of the TP.
Consider a qp state |ψTP(kx, ky)〉 which is character-
ized by its quasi-momentum (kx, ky). Let us assume that
the state is non-degenerate for all quasi-momenta. The
corresponding Chern number CTP is then defined by the
quantized Hall response to an external force F . In the
case of TPs the external force F acts directly on the
impurity and couples to the quasi-momentum according
to ddtk = F . Using the Kubo-formula, Thouless et al.
[44] have shown that the Chern number can be defined
as an integral of the TP Berry curvature FTP over the
(magnetic) Brillouin zone (BZ),
CTP = 1
2pi
∫
BZ
d2k FTP(k). (12)
The Berry curvature FTP = ∇k×〈uk|i∇k|uk〉 is defined
through the Bloch wavefunction |uk〉 constructed from
|ψTP(k)〉. The magnetic BZ is defined by the periodicity
of the qp Hamiltonian, including gauge-dependent vector
potentials [58]. The periodicity of the TP wavefunction
|ψTP(k+G)〉 = |ψTP(k)〉, where G is a reciprocal lattice
vector, guarantees the integer quantization of the Chern
number [44, 45].
The magnetic BZ of the TP is determined by the
microscopic details of the model for both the impurity as
well as the host many-body system. Let us assume that
the impurity either lives in the continuum (such that
effectively the impurity lattice constant a→ 0 vanishes)
or that the unit-cell of the impurity lattice fits into the
magnetic unit-cell of the host many-body system an
integer number of times in a commensurable way. In
either case, the magnetic BZ of the TP is then equal to
the magnetic BZ of the host many-body system. This
explains why, in our interferometric protocol, the TP
Chern number needs to be defined as the winding of the
Zak phase of the TP ϕZak(ky) over the magnetic BZ of
the host many-body system, ky → ky +Gy.
Field theory of topological polarons Here we dis-
cuss a field theory description of TPs, allowing us to de-
rive the topological invariants characterizing their effec-
tive bandstructure. We consider a more general situation
than discussed in the main text and allow quantum Hall
states with arbitrary Abelian topological order. The gen-
eralization of our interferometric protocol to this case is
discussed in the end.
Our starting point is a field-theoretical description
of the topologically ordered host many-body system.
We consider an incompressible groundstate with Abelian
topological order, described by a Chern-Simons theory of
level n. Such theories are believed to classify all Abelian
topological orders and are relevant e.g. for the hierarchi-
cal description of the FQHE [59] or multi-layer fractional
quantum Hall systems. They are is characterized by the
symmetric integer n-by-n matrix K and the charge vec-
8tor t. The Lagrangian is [4]
L = 1
4pi
aTµK∂νaλ
µνλ − e
2pi
Aµt
T∂νaλ
µνλ+
+
n∑
I=1
aIµ`IjIµ + kin. energy. (13)
Here aµ = aI=1...n,µ are the auxiliary compact U(1)
gauge fields from which the conserved current Jµ
of the many-body system can be derived, Jµ =
e
2pi
∑
I ∂νaIλ
µνλ. As usual, µ, ν, ... = t, x, y denote tem-
poral and spatial coordinates.
The first two terms of the Lagrangian (13) describe the
response of the many-body system to the external U(1)
gauge field Aµ. Here e denotes the Aµ-charge of the
indistinguishable host particles constituting the many-
body system. From the Euler-Lagrange equations the
quantized Hall response is obtained, Jµ = C e22pi µνλ∂νAλ,
where the many-body Chern number is given by
C =
n∑
I,J=1
tI
(
K−1
)
IJ
. (14)
The third term in (13) describes the conserved currents
jIµ of the I = 1...n different qps (in the bulk of the sys-
tem). The integers `I denote the number of qps which are
bound together, in particular `I = +1 (`I = −1) for ele-
mentary qp (quasihole) excitations. Edge terms and ki-
netic energy corrections will be ignored in the Lagrangian
(13) in the following. The qps carry fractional charges
e∗J/e =
∑n
I=1 tI
(
K−1
)
IJ
, see Ref.[4]. Thus we note that
the Chern number of the incompressible groundstate is
given by the sum of the fractional charges of elementary
topological excitations, C = ∑J e∗J/e.
When the impurity (in a given internal state) binds `I
qps of type I, their currents can be directly related to
the TP current jµ by jIµ = `Ijµ. This is demonstrated
by a microscopic calculation in the main text. Using this
expression and integrating out the auxiliary U(1) gauge
fields aIµ in the Lagrangian (13), see Ref.[60], we obtain
Leff = − e
2
4pi
tTK−1t µνλAµ∂νAλ+pi`TK−1` jµ
µνλ∂ν
∂2
jλ
+
(
qBµ + eAµ t
TK−1`
)
jµ, (15)
where ∂2 = ∂τ∂τ . We also included a coupling qBµjµ
of the impurity to an additional external field Bµ. The
first term in Eq. (15) is a Chern Simons term for the
external gauge field Aµ. The second term describes the
braiding statistics of the TP, which coincides with the
expected qp statistics, see e.g. Ref.[61]. The statistical
phase eiθ picked up when interchanging two TPs adiabat-
ically is given by θ = pi`TK−1` [4]. The last term, most
important to our discussion, corresponds to an effective
gauge field (Aµe
∗
TP +Bµq) /e seen by the TP, where the
Aµ-charge of the TP is given by e
∗
TP = e t
TK−1`.
By applying the interferometric protocol introduced in
the main text to different flavors J = 1, ..., n of TPs, all
the Chern numbers (or, equivalently, all the fractional
charges)
C(J)TP =
1
CJ =
e
e∗J
(16)
of elementary topological excitations can be measured.
To this end a single qp (or quasihole) of flavor J is bound
to the impurity. The last equation is then derived as
Eq.(4) in the main text. When the TP Chern numbers
of all qps are known, the Chern number of the incom-
pressible groundstate can be derived from Eq.(14),
C =
n∑
J=1
(±1)
C(J)TP
. (17)
Here (−1) needs to be inserted if the elementary quasi-
hole excitation of flavor J is used, with `I = −δI,J , and
(+1) for elementary qps with `I = δI,J .
In the main text we discuss the case of ν = 1/m
Laughlin states where n = t = 1 and K = m. In this
case there exists one quasihole branch, with fractional
charge e∗ = −e/m. According to Eq.(16) the Chern
number of the TP consisting of an impurity bound to
a hole is given by CTP = −m. We confirm this by a
microscopic calculation for a fractional Chern insulator
in FIG.3. Then Eq.(17) predicts a fractional Chern
number C = 1/m of the incompressible Laughlin state,
in agreement with the established result by Niu et al.[5].
Exact polaron transformation To calculate the topo-
logical invariants characterizing TPs exactly, we need its
full wavefunction |ψTP(q)〉 for any given value of the total
TP quasi-momentum q. Here we develop a method al-
lowing to calculate |ψTP(q)〉 using exact numerical meth-
ods. Our approach is based on the Lee-Low-Pines (LLP)
unitary transformation [48] introduced in the context of
conventional polaron physics, which makes the conserva-
tion of the polaron momentum explicit. The effect of the
external force F acting on the impurity is also discussed
in this framework.
Our starting point is the impurity-centered LLP trans-
formation
UˆLLP(t) = exp
[
iRˆI · (pˆc + F t)
]
. (18)
To define the impurity position operator RˆI and the
fermion momentum operator pˆc, a gauge choice is made.
We introduce the magnetic unit cell of size ax×ay for the
fermion Hamiltonian Hˆ0, see Eq.(9), which contains an
integer number of flux quanta. Using the Landau gauge
as in Eq.(9) and assuming α = r/s with r, s integers, we
have ax = a and ay = sa. Next we label sites within the
unit cell by an integer µ and define the impurity position
operator
RˆI =
∑
jx,jy,µ
(jxax, jyay)
T︸ ︷︷ ︸
=rj
bˆ†j,µbˆj,µ. (19)
9Here the integers jx,y label unit cells and (j, µ) is merely
an alternative way of parametrizing the site indices
(m,n) which were used previously in the definition of
the model. Hence we see that RˆI represents only the po-
sition of the unit cell, but not the positions of individual
sites within one cell. Similarly the fermion momentum
operator is
pˆc =
∑
k,µ
k cˆ†k,µcˆk,µ, (20)
where we introduced operators in momentum space
cˆk,µ :=
√
axay
LxLy
∑
j e
ik·(jxaxex+jyayey)cˆj,µ. The wave vec-
tor k takes quantized values k = 2pi (ix/Lx, iy/Ly)
T
for
integers ix = 1, ..., Lx/ax and iy = 1, ...., Ly/ay and with
Lx,y denoting system size in x and y direction. Note that
although the impurity lattice has a smaller period of a we
have chosen the larger magnetic unit cell of the fermion
model in Eq.(19). This is necessary to distinguish be-
tween inequivalent sites µ within one magnetic unit cell
for both the fermions and the impurity.
We proceed by applying the LLP transformation de-
fined above to the Hamiltonian Hˆ = Hˆ0 + HˆI + Hˆint,
see Eqs.(9), (10). The new effective Hamiltonian in
the polaron frame reads H˜(t) = Uˆ†LLP(t)HˆUˆLLP(t) −
iUˆ†LLP(t)∂tUˆLLP(t). First we note that the many-body
(fermion) Hamiltonian Hˆ0 trivially commutes with the
LLP transformation because of its translational invari-
ance by multiples of one magnetic unit-cell. The poten-
tial term F · ∑m,n rm,nbˆ†m,nbˆm,n in Eq.(10) also com-
mutes with the LLP transformation, as can easily be
checked.
To transform the kinetic energy of the impurity, we
introduce the single-particle band Hamiltonian hIµ,µ′(k)
defined in the magnetic unit-cell of the fermions. This
allows us to write HˆI =
∑
k,µ,µ′ bˆ
†
k,µbˆk,µ′ h
I
µ,µ′(k) in the
absence of the force F . The momentum operators bˆk,µ
are defined as in the case of fermions cˆk,µ discussed above.
The impurity position operator RˆI is the infinitesimal
generator of displacements in quasi-momentum space.
Therefore it holds
Uˆ†LLP(t)bˆk,µUˆLLP(t) = bˆk+pˆc+F t,µ (21)
as can also be checked directly from the definition of the
impurity momentum operators bˆk,µ. Hence after the LLP
transformation we obtain the effective impurity Hamilto-
nian
H˜I(t) = Uˆ†LLP(t)HˆIUˆLLP(t)− iUˆ†LLP(t)∂tUˆLLP(t) =
=
∑
k,µ,µ′
hIµ,µ′(k − pˆc − F t) bˆ†k,µbˆk,µ′ . (22)
Finally we apply the LLP transformation to the
impurity-fermion interaction Hˆint. To keep the discus-
sion general we consider a density-density interaction of
the form
Hˆint =
∑
j,i,µ,ν
Vµ,ν(rj − ri) bˆ†i,µbˆi,µcˆ†j,ν cˆj,ν , (23)
where Vµ,ν(r) denotes an arbitrary potential. Because
the LLP transformation displaces the many-body system
(recall that pˆc is the infinitesimal generator of fermion
translations), it holds
Uˆ†LLP(t)cˆj,µUˆLLP(t) = cˆj−RˆI,µ. (24)
Using this relation and restricting ourselves to the sub-
space of one impurity, we obtain
Uˆ†LLP(t)HˆintUˆLLP(t) =
∑
i,µ
bˆ†i,µbˆi,µ
∑
j,ν
Vµ,ν(rj) cˆ
†
j,ν cˆj,ν .
(25)
This corresponds to a static potential for the many-body
fermion system, centered around the central unit-cell
(where rj = 0). For the local interaction assumed in
the main text it holds Vµ,ν(r) = V δr,0δµ,ν .
For a single impurity, the resulting Hamiltonian in the
polaron frame (written in second quantization for nota-
tional convenience) is
H˜(t) =
∑
k,µ,µ′
bˆ†k,µbˆk,µ′ ⊗
[
hIµ,µ′(k − pˆc − F t)+
+ δµ,µ′
∑
j,ν
Vµ,ν(rj) cˆ
†
j,ν cˆj,ν
]
+ Hˆ0. (26)
Here we used the relation
∑
i bˆ
†
i,ν bˆi,ν =
∑
k bˆ
†
k,ν bˆk,ν to
make the conservation of the TP momentum apparent,
[H˜,∑µ cˆ†k,µcˆk,µ] = 0. Eq.(26) demonstrates that the
force F directly couples to the TP momentum. Using
exact diagonalization techniques we solved the TP band
Hamiltonian (26) for different values of k, see FIGs. 2
and 3. This allows us to extract the TP Chern number
C for systems with a small number of fermions.
Acknowledgements
We acknowledge useful discussions with M. Knap, M.
Hafezi, F. Letscher, W. Phillips, J. Sau, J. Taylor, I.
Bloch, E. Mueller, M. Greiner, F. Gerbier, J. Dalibard
and C. Weitenberg. FG acknowledges support by the
Excellence Initiative (DFG/GSC 266), the “Marion
Ko¨ser Stiftung” and the Moore foundation. ED and
FG acknowledge support from Harvard-MIT CUA, NSF
Grant No. DMR-1308435, AFOSR Quantum Simulation
MURI, the ARO-MURI on Atomtronics and the ARO
MURI Quism program. ED acknowledges support from
the Humboldt foundation, Dr. Max Ro¨ssler, the Walter
Haefner Foundation and the ETH Foundation. DA
acknowledges support by the Alfred Sloan Foundation.
NYY acknowledges support from the Miller Institute for
Basic Research in Science.
10
REFERENCES
[1] K. Von Klitzing, G. Dorda, and M. Pepper, “New method
for high-accuracy determination of the fine-structure con-
stant based on quantized Hall resistance,” Physical Review
Letters 45, 494–497 (1980).
[2] D. C. Tsui, H. L. Stormer, and A. C. Gossard, “Two-
dimensional magnetotransport in the extreme quantum
limit,” Phys. Rev. Lett. 48, 1559–1562 (1982).
[3] R. B. Laughlin, “Anomalous quantum Hall-effect - an in-
compressible quantum fluid with fractionally charged ex-
citations,” Physical Review Letters 50, 1395–1398 (1983).
[4] X. G. Wen, “Topological orders and edge excitations in
fractional quantum Hall states,” Advances In Physics 44,
405–473 (1995).
[5] Q. Niu, D. J. Thouless, and Y. S. Wu, “Quantized Hall
conductance as a topological invariant,” Physical Review
B 31, 3372–3377 (1985).
[6] A. S. Sorensen, E. Demler, and M. D. Lukin, “Fractional
quantum Hall states of atoms in optical lattices,” Physical
Review Letters 94, 086803 (2005).
[7] M. Hafezi, A. S. Sorensen, E. Demler, and M. D. Lukin,
“Fractional quantum Hall effect in optical lattices,” Phys-
ical Review A 76, 023613 (2007).
[8] Titus Neupert, Luiz Santos, Claudio Chamon, and
Christopher Mudry, “Fractional quantum Hall states at
zero magnetic field,” Phys. Rev. Lett. 106, 236804 (2011).
[9] Evelyn Tang, Jia-Wei Mei, and Xiao-Gang Wen, “High-
temperature fractional quantum Hall states,” Phys. Rev.
Lett. 106, 236802 (2011).
[10] N. Regnault and B. Andrei Bernevig, “Fractional Chern
insulator,” Phys. Rev. X 1, 021014 (2011).
[11] Kai Sun, Zhengcheng Gu, Hosho Katsura, and
S. Das Sarma, “Nearly flatbands with nontrivial topol-
ogy,” Phys. Rev. Lett. 106, 236803 (2011).
[12] D.N. Sheng, Zheng-Cheng Gu, Kai Sun, and L. Sheng,
“Fractional quantum Hall effect in the absence of Landau
levels,” Nat Commun 2, 389– (2011).
[13] Siddharth A. Parameswaran, Rahul Roy, and Shiv-
aji L. Sondhi, “Fractional quantum Hall physics in
topological flat bands,” Topological insulators / Isolants
topologiquesTopological insulators / Isolants topologiques,
Comptes Rendus Physique 14, 816–839 (2013).
[14] A. Kitaev, “Anyons in an exactly solved model and be-
yond,” Annals of Physics 321, 2–111 (2006).
[15] A. Kitaev and J. Preskill, “Topological entanglement en-
tropy,” Physical Review Letters 96, 110404 (2006).
[16] Michael Levin and Xiao-Gang Wen, “Detecting topolog-
ical order in a ground state wave function,” Phys. Rev.
Lett. 96, 110405 (2006).
[17] Hui Li and F. D. M. Haldane, “Entanglement spectrum
as a generalization of entanglement entropy: Identification
of topological order in non-Abelian fractional quantum
Hall effect states,” Physical Review Letters 101, 010504
(2008).
[18] Dmitry A. Abanin and Eugene Demler, “Measuring en-
tanglement entropy of a generic many-body system with
a quantum switch,” Phys. Rev. Lett. 109, 020504 (2012).
[19] A. J. Daley, H. Pichler, J. Schachenmayer, and P. Zoller,
“Measuring entanglement growth in quench dynamics of
bosons in an optical lattice,” Phys. Rev. Lett. 109, 020505
(2012).
[20] Leonardo Mazza, Davide Rossini, Rosario Fazio, and
Manuel Endres, “Detecting two-site spin-entanglement in
many-body systems with local particle-number fluctua-
tions,” New Journal of Physics 17, 013015– (2015).
[21] Rajibul Islam, Ruichao Ma, Philipp M. Preiss,
M. Eric Tai, Alexander Lukin, Matthew Rispoli,
and Markus Greiner, “Measuring entanglement entropy
through the interference of quantum many-body twins,”
arXiv:1509.01160 (2015).
[22] V. J. Goldman and B. Su, “Resonant tunneling in the
quantum Hall regime: Measurement of fractional charge,”
Science 267, 1010–1012 (1995).
[23] R. de Picciotto, M. Reznikov, M. Heiblum, V. Uman-
sky, G. Bunin, and D. Mahalu, “Direct observation of a
fractional charge,” Nature 389, 162–164 (1997).
[24] L. Saminadayar, D. C. Glattli, Y. Jin, and B. Eti-
enne, “Observation of the e/3 fractionally charged Laugh-
lin quasiparticle,” Phys. Rev. Lett. 79, 2526–2529 (1997).
[25] Marcos Atala, Monika Aidelsburger, Julio T. Barreiro,
Dmitry Abanin, Takuya Kitagawa, Eugene Demler, and
Immanuel Bloch, “Direct measurement of the Zak phase
in topological Bloch bands,” Nature Physics 9, 795 (2013).
[26] Dmitry A. Abanin, Takuya Kitagawa, Immanuel Bloch,
and Eugene Demler, “Interferometric approach to measur-
ing band topology in 2d optical lattices,” Phys. Rev. Lett.
110, 165304 (2013).
[27] F. Grusdt, D. Abanin, and E. Demler, “Measuring ?2
topological invariants in optical lattices using interferom-
etry,” Phys. Rev. A 89, 043621 (2014).
[28] L. Duca, T. Li, M. Reitter, I. Bloch, M. Schleier-Smith,
and U. Schneider, “An Aharonov-Bohm interferometer for
determining Bloch band topology,” Science 347 no. 6219,
288–292 (2014).
[29] Immanuel Bloch, Jean Dalibard, and Wilhelm Zwerger,
“Many-body physics with ultracold gases,” Reviews of
Modern Physics 80, 885–964 (2008).
[30] T. Lahaye, C. Menotti, Santos L., M. Lewenstein, and
T. Pfau, “The physics of dipolar bosonic quantum gases,”
Reports On Progress In Physics 72, 126401 (2009).
[31] M. Saffman, T. G. Walker, and K. Molmer, “Quantum
information with Rydberg atoms,” Reviews of Modern
Physics 82, 2313–2363 (2010).
[32] Cheng Chin, Rudolf Grimm, Paul Julienne, and Eite
Tiesinga, “Feshbach resonances in ultracold gases,” Re-
views of Modern Physics 82, 1225–1286 (2010).
[33] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J. T.
Barreiro, S. Nascimbene, N. R. Cooper, I. Bloch, and
N. Goldman, “Measuring the Chern number of Hofstadter
bands with ultracold bosonic atoms,” Nat Phys 11, 162–
166 (2015).
[34] Gregor Jotzu, Michael Messer, Remi Desbuquois, Mar-
tin Lebrat, Thomas Uehlinger, Daniel Greif, and Tilman
Esslinger, “Experimental realization of the topological
Haldane model with ultracold fermions,” Nature 515,
237–240 (2014).
[35] N. K. Wilkin, J. M. F. Gunn, and R. A. Smith, “Do
attractive bosons condense?” Physical Review Letters 80,
2265–2268 (1998).
[36] N. Regnault and T. Jolicoeur, “Quantum Hall fractions
in rotating Bose-Einstein condensates,” Physical Review
Letters 91, 030402 (2003).
[37] M. A. Baranov, H. Fehrmann, and M. Lewenstein,
“Wigner crystallization in rapidly rotating 2d dipolar
fermi gases,” Physical Review Letters 100, 200402 (2008).
[38] F. Grusdt and M. Fleischhauer, “Fractional quantum
11
Hall physics with ultracold Rydberg gases in artificial
gauge fields,” Physical Review A 87, 043628 (2013).
[39] N. Y. Yao, A. V. Gorshkov, C. R. Laumann, A. M.
La¨uchli, J. Ye, and M. D. Lukin, “Realizing fractional
Chern insulators in dipolar spin systems,” Phys. Rev. Lett.
110, 185302 (2013).
[40] D. Frese, B. Ueberholz, S. Kuhr, W. Alt, D. Schrader,
V. Gomer, and D. Meschede, “Single atoms in an opti-
cal dipole trap: Towards a deterministic source of cold
atoms,” Physical Review Letters 85, 3777–3780 (2000).
[41] Michal Karski, Leonid Fo¨rster, Jai-Min Choi, Andreas
Steffen, Wolfgang Alt, Dieter Meschede, and Artur
Widera, “Quantum walk in position space with single op-
tically trapped atoms,” Science 325, 174–177 (2009).
[42] J. Zak, “Berrys phase for energy-bands in solids,” Phys-
ical Review Letters 62, 2747–2750 (1989).
[43] Di Xiao, Ming-Che Chang, and Qian Niu, “Berry
phase effects on electronic properties,” Reviews of Modern
Physics 82, 1959–2007 (2010).
[44] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and
M. denNijs, “Quantized Hall conductance in a two-
dimensional periodic potential,” Physical Review Letters
49, 405–408 (1982).
[45] M. Kohmoto, “Topological invariant and the quantiza-
tion of the Hall conductance,” Annals of Physics 160,
343–354 (1985).
[46] S. I. Pekar, Zh. Eksp. Teor. Fiz. 16, 341 (1946).
[47] L. D. Landau and S. I. Pekar, “Effective mass of a po-
laron,” Zh. Eksp. Teor. Fiz. 18, 419 (1948).
[48] T. D. Lee, F. E. Low, and D. Pines, “The motion of slow
electrons in a polar crystal,” Physical Review 90, 297–302
(1953).
[49] D.R. Hofstadter, “Energy-levels and wave-functions of
Bloch electrons in rational and irrational magnetic-fields,”
Physical Review B 14, 2239–2249 (1976).
[50] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, “Realization of the Hofs-
tadter hamiltonian with ultracold atoms in optical lat-
tices,” Physical Review Letters 111, 185301 (2013).
[51] H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C. Bur-
ton, and W. Ketterle, “Realizing the Harper hamiltonian
with laser-assisted tunneling in optical lattices,” Physical
Review Letters 111, 185302 (2013).
[1] Eliot Kapit and Erich Mueller, “Exact parent hamiltonian
for the quantum Hall states in a lattice,” Physical Review
Letters 105, 215303 (2010).
[53] B. Paredes, P. Fedichev, J. I. Cirac, and P. Zoller, “1/2-
anyons in small atomic Bose-Einstein condensates,” Phys-
ical Review Letters 87, 010402 (2001).
[54] Fabian Grusdt, Fabian Letscher, Mohammad Hafezi,
and Michael Fleischhauer, “Topological growing of Laugh-
lin states in synthetic gauge fields,” Phys. Rev. Lett. 113,
155301 (2014).
[55] Yuhe Zhang, G.J. Sreejith, N.D. Gemelke, and J. K.
Jain, “Fractional angular momentum in cold-atom sys-
tems,” Phys. Rev. Lett. 113, 160404– (2014).
[56] Yuhe Zhang, G. J. Sreejith, and J. K. Jain, “Creating
and manipulating non-Abelian anyons in cold atom sys-
tems using auxiliary bosons,” arXiv:1505.06409v1 (2015).
[57] Michael Levin and Ady Stern, “Fractional topological in-
sulators,” Physical Review Letters 103, 196803 (2009).
[58] J. Zak, “Magnetic translation group,” Physical Review
A-general Physics 134, 1602–& (1964).
[59] B. I. Halperin, “Statistics of quasiparticles and the hier-
archy of fractional quantized Hall states,” Physical Review
Letters 52, 1583–1586 (1984).
[60] J. Moore, An introduction to topological phases of elec-
trons (Oxford University Press, 2014).
[61] A. Altland and B. Simons, Condensed Matter Field The-
ory (Cambridge University Press, New York, 2010).
12
Supplementary Material: Interferometric Measurement of Many-body
Topological Invariants using Mobile Impurities
In this supplementary we discuss the case when the quasiparticle charge e∗/e = p/q is not the inverse of an integer,
p 6= 1, and p, q are relative prime. In this case, the topological field theory of the topological polaron (TP) presented
in the main text predicts a Chern number
CTP = q
p
. (27)
Because the TP Chern number needs to be an integer due to gauge invariance, the groundstate manifold has to be at
least p-fold degenerate. In that case all states share a total Chern number CtotTP = q.
Here we explain the origin of this degeneracy (incommensurability of unit cells) and investigate numerically the
ν = 1/3 Laughlin state. To this end we bind p = 2 quasiholes (qhs) to the impurity, which realizes the simplest
non-trivial fraction e∗/e = −2/3. Indeed we find a robust two-fold groundstate degeneracy and the Berry curvature
is consistent with predictions from the topological field theory.
A. Topological field theory
To understand the origin of the two-fold groundstate degeneracy of the TP, let us recall our argument from the
main text. The impurity is bound to two fractionally charged qhs with e∗/e = −1/3 each. Every qh sees the original
host particles as a source of magnetic flux. In a mean-field theory this leads to a homogeneous effective magnetic field
b∗z = − 23bz seen by the impurity.
The reasoning above relies on the effective low-energy topological field theory, which does not take into account
lattice effects. Let us now treat the lattice as a perturbation, which is justified when the magnetic flux per plaquette
α 1 is sufficiently small. The lattice defines the magnetic unit cell of the TP, see Methods Section of the main text.
Its size is equal to that of the original magnetic unit cell of the host particles, 2pi`2B.
The size of the magnetic unit cell in the effective field b∗z, on the other hand, is larger by a factor of 3/2, 2pi`
∗2
B = 3pi`
2
B,
see FIG.4. To construct groundstates in the full lattice model from the groundstate in the effective continuum model,
we choose the smallest commensurable unit cell, with a size 6pi`2B.
In reciprocal space, we thus arrive at a description of the system in a reduced zone with size 1/3 of the original
magnetic Brillouin zone (BZ). Because it has half the size of the effective magnetic BZ, it contains two degenerate
groundstates.
In this way we constructed two-fold degenerate groundstates in the original BZ of host particles. By taking into
account lattice effects, small gaps may open which can be different everywhere in the BZ. Thus we understand the
two-fold degeneracy as a consequence of the incommensurability of the original magnetic unit cell and the effective
magnetic unit cell seen by the impurity.
real space:
reciprocal space:
FIG. 4. The size of the magnetic unit cell of host atoms is incommensurable with the size of the effective magnetic unit-cell
seen by the impurity bound to two fractionally charged quasiparticles. The smallest commensurable unit cell is shown in on
the right. In the second row the corresponding magnetic BZs are sketched.
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FIG. 5. The lowest four bands of the TP bandstructure are shown. The bands come in degenerate pairs. The model is described
in the text.
B. Numerical results
To check our prediction of a two-fold degenerate ground state, we simulated a fractional Chern insulator at filing
ν = 1/3 with N = 2 fermions and with two qh excitations. To make our numerics more robust, we implemented the
Kapit-Mueller lattice model [1], where, instead of the nearest neighbor hoppings from Eq.(9) in the main text, long
range tunnelings as suggested in Ref.[1] are used. This leads to flat bands, reducing the quasiparticle dispersion in
the TP Hamiltonian. The impurity Hamiltonian, see Eq.(10) in the main text, is unchanged. To trap two quasiholes
efficiently, we added additional nearest neighbor interactions of strength V/2 to the local interaction Hˆint below
Eq.(10) in the main text.
The resulting TP bandstructure has a numerically exact two-fold groundstate degeneracy. Also the higher bands
are two-fold degenerate. This is in agreement with our theoretical prediction.
The lowest bands of the TP bandstructure are shown in FIG.5. We simulated N = 2 fermions on a 8 × 4 lattice
with α = 1/4. This corresponds to Nφ = 8 flux quanta in the system. The impurity hopping was J = 0.1t and the
interaction strenghts were U = 10t and V = 0.5t.
In FIG.5 we observe additional degeneracies between the bands, found on the axis ky = 0. This suggests that the
microscopic binding of the quasiholes to the impurity breaks down at these values of TP momenta. We think that
this is a finite size effect, and the microscopic binding of qhs to the impurity deserves a more careful analysis which
will be devoted to future work.
Finally, we calculated the Berry curvature trF(k) of the TP, where the trace is over the two degenerate states. In
FIG. 6 we plot the integrated curvature along x-direction,
f1D(ky) =
∫ pi/ax
−pi/ax
dkxtrF(k). (28)
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FIG. 6. The integrated Berry curvature f1D(ky) of the two degenerate bands, see Eq.(28), is shown. It is compared to the
constant value −3/2 expected from the low-energy field theory.
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We compare it to the value f01D = −3 × 2ay expected for a homogeneous Berry curvature which gives rise to the
expected Chern number CtotTP = −3. Away from ky = 0 the average Berry curvature agrees with the predicted value
f01D. Around ky = 0, on the other hand, the Berry curvature becomes large, which we attribute to an effect of the
additional degeneracies with higher bands identified in FIG.5.
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